We present the results of molecular-dynamics simulations on the salt concentration dependence of the formation of polyelectrolyte bundles in thermodynamic equilibrium. Extending our results on salt-free systems we investigate here deficiency or excess of trivalent counterions in solution. Our results reveal that the trivalent counterion concentration significantly alters the bundle size and size distribution. The onset of bundle formation takes place at earlier Bjerrum length values with increasing trivalent counterion concentration. For the cases of 80%, 95%, and 100% charge compensation via trivalent counterions, the net charge of the bundles decreases with increasing size. We suggest that competition among two different mechanisms, counterion condensation and merger of bundles, leads to a nonmonotonic change in line-charge density with increasing Bjerrum length. The investigated case of having an abundance of trivalent counterions by 200% prohibits such a behavior. In this case, we find that the difference in effective line-charge density of different size bundles diminishes. In fact, the system displays an isoelectric point, where all bundles become charge neutral.
I. INTRODUCTION
Semiflexible charged biopolymers such as F-actin, microtubules, or DNA aggregate into bundles in the presence of multivalent counterions. Experimental results suggest that, even though these bundles have a broad length distribution, their lateral dimensions ͑i.e., bundle diameter͒ are rather well controlled ͓1-7͔. Theoretical explanations for the finite size of the bundles have been based on assembly defects in toroidal aggregates ͓8͔, on kinetic limitations ͓9-16͔, on chirality of the aggregates ͓17͔, or on thermodynamic equilibrium via a balance of competing interactions ͓18,19͔.
The origin of the attraction among such highly charged molecules is short-range ionic correlations of multivalent counterions, a phenomenon that cannot be explained on the level of mean-field theories such as the Poisson-Boltzmann ͓11,20-23͔. For biomolecules such as DNA, F-actin, or microtubules this correlation induced attraction together with the stiffness of the molecules favors bundle formation ͓1,5,7,24͔.
In our earlier work ͓18͔ we have shown that by controlling the dielectric constant of the solution ͑and thereby tuning the Bjerrum length͒ one can create a delicate balance among the electrostatic forces ͑which favor aggregation͒ and entropy ͑which oppose bundle growth͒ and stabilize finitesize aggregates in thermodynamic equilibrium. We have also observed that a key parameter in determining the aggregate size and size distribution is the concentration of the trivalent counterions, which act as the gluing agent in this system. In our earlier study, the concentration of the trivalent counterions was just sufficient to neutralize the system. Depletion of the free trivalent ions from solution leads to the termination of the bundle growth as well.
In the present work we investigate bundle formation in a system of monodisperse charged semiflexible polymers under different trivalent counterion concentrations. Using molecular-dynamics simulations, we analyze the size and size distribution of polyelectrolyte ͑PE͒ bundles under deficiency and abundance of trivalent counterions. By observing the effective charge density of different size aggregates we aim to present a complete analysis of bundle formation in the presence of many-body effects, which has been omitted in many theoretical and computational studies due to its complexity.
II. MODEL
The bead-spring model of PE chains and trivalent counterions utilized here is identical to the one used in our earlier study of PE bundles ͓18͔. In this model all particles have identical diameter and interact via a purely repulsive Lennard-Jones interaction,
with cutoff distance r cut =2 1/6 and interaction strength ⑀ LJ = k B T. The PEs are monodisperse, where each chain is composed of 30 negatively charged beads connected via finitely extensible nonlinear elastic ͑FENE͒ bonds,
for r Ͻ R F , with a spring constant of k F =7k B T and cutoff distance R F / = 2. The PEs are semiflexible with a harmonic angular potential
of stiffness k = 100k B T, where is the angle between any three consecutive beads along the PE chain. The Coulomb interactions,
are calculated using a version of the particle-particleparticle-mesh ͑P3M͒ method ͓25͔. The Bjerrum length B is defined as the distance at which the energy between two particles with unit charges in a given dielectric medium is exactly equal to the thermal energy, k B T. The Bjerrum length is used as the control parameter for the strength of the electrostatic interactions. All four systems studied here contain 61 PEs with different trivalent counterion concentrations. For the 100% trivalent counterion case the total charge of the PEs ͑61ϫ 30= 1830͒ is compensated by 610 trivalent counterions. For the 80% and 95% trivalent counterion concentration systems, only 80% and 95% of the total charge of the PEs are compensated by trivalent counterions, respectively. The system is neutralized by adding sufficient amount of monovalent counterions in both cases. For the 200% trivalent counterion concentration case a total of 1220 trivalent counterions are added to the 61 PEs. This system is neutralized by adding monovalent coions.
The equilibrium configurations for the 100% counterion concentration have been obtained in our previous study ͓18͔. The 80%, 95%, and 200% trivalent counterion concentration simulations are all started from a randomly chosen equilibrium snapshot from the 100% counterion system. For the 80% and 95% counterion concentrations sufficient number of trivalent counterions from the 100% system is randomly replaced by monovalent counterions. In order to keep the total charge neutral, extra monovalent counterions are added at randomly chosen coordinates within the simulation box. If a randomly chosen coordinate for an inserted monovalent counterion violates the excluded volume of any of the already present particles, a new location is chosen. For the 200% counterion concentration case extra trivalent counterions and monovalent coions are added to the system at random coordinates, as described for the other two concentrations. All starting conformations are energy minimized after the addition of the coions and counterions.
The PE monomer number density is fixed for all simulations as / −3 = 7.5ϫ 10 −5 , which is dilute enough to allow us to ignore bundle-bundle contacts in the analysis of the simulation trajectories. The simulations are performed in a cubic box with periodic boundary conditions. Parallel tempering ͑PT͒ method ͓26,27͔ with Bjerrum length as the tempering parameter is used to sample the phase space of these systems. In each case, the ensemble consists of 49 replicas with different Bjerrum length values covering the range B / = 1.50-2.19. For the simulation of individual replicas hybrid Monte Carlo ͑HMC͒ method ͓28,29͔ is used, where trial configurations for each Monte Carlo move are generated by molecular dynamics ͑MD͒. MD simulations are performed with the ESPResSo package ͓30͔. A time step of ⌬t = 0.005 is used, where is the usual Lennard-Jones time unit. We integrated for 50 for each HMC trial, which yields a good combination of acceptance ratio and efficient sampling of the configurational space. For each PT exchange attempt, we have done nine HMC moves, which are called a cycle. The ensemble of replicas has been equilibrated for up to 300 cycles, and data are collected from an additional run of at least 200 cycles, which took roughly three CPU years on Intel Xeon processors ͑2.4 GHz͒. The equilibrium aggregate size and size distribution have been monitored and used as the convergence criteria for our simulations.
In the following analysis a trivalent counterion within 3 distance of a PE rod is assumed to be a condensed counterion. Any two PE rods that share a condensed trivalent counterion are assumed to be in the same bundle. The aggregate size and size distribution results do not depend on the choice of the condensation distance criteria. The effective linecharge-density results also remain qualitatively identical if the analysis is performed with different distance criteria. Monovalent counterions remain in solution dominantly and they do not contribute to the reduction of the effective linecharge density of PE rods and formation of bundles.
III. RESULTS AND DISCUSSION
Attraction among like charged polyelectrolytes can be induced by introducing multivalent counterions into the solution ͓11,21-23͔. In the case of rodlike molecules this attraction leads to the aggregation of polyelectrolytes into bundlelike structures. In our previous study ͓18͔ we have shown that in a narrow window of Bjerrum length values finite-size bundles can be observed in thermodynamic equilibrium. In this earlier work, a system of 61 PE rods of length 30 beads each was neutralized by trivalent counterions only. In the following, this system will be referred to as the 100% case. In this study, we will explore the additional cases of different neutralization degrees with trivalent counterions, namely, the cases of 80%, 95%, and 200%, and compare them with the 100% case.
The concentration of trivalent counterions dramatically changes the aggregation behavior of PE rods as seen in Fig.  1 . For all four concentrations representative equilibrium snapshots are taken at Bjerrum length B / = 1.95, which is in the narrow window where finite-size bundles are seen for the 100% case ͓18͔ ͑Fig. 1, bottom left͒. For the 100% case several bundles of different size are observed simultaneously in the solution. Even though most of the trivalent counterions are condensed on to the PE rods ͑white beads attached to the PE rods͒, some are still free ͑red beads dispersed in the simulation box͒. The dominant mode of merging for PE rods is observed to be the zipper model ͓9,16,31͔: an isolated PE rod approaches a preexisting bundle at a 90°angle and slides until the tip of the PE rod is close to the tip of the bundle. At this point the PE rod rotates to become parallel with the bundle axis, which is followed by sliding of the PE rod until it aligns with the rest of the rods in the bundle. When the trivalent counterion concentration is reduced to 95% ͑Fig. 1, top right͒, one can still observe different size bundles in solution. However, at 80% for B / = 1.95 all bundles, except for small two to three molecule ones, are destroyed ͑Fig. 1, top left͒. For both 80% and 95% at B / = 1.95 the monovalent counterions ͑not shown in Fig. 1 for visual clarity͒ do not condense onto the PE rods but mostly remain in solution.
Upon increasing the trivalent counterion concentration to 200% the aggregate size distribution changes once again, such that the system is composed of a few large bundles ͑Fig. 1, bottom right͒. The monovalent coions ͑also not shown for visual clarity͒ remain in solution similar to the monovalent counterions.
In order to understand how the aggregate size distribution changes as a function of Bjerrum length, we have analyzed the equilibrium distribution of bundles for the range B / = 1.5-2.2. As we observed in our earlier study ͑also seen in Fig. 2͒ , for the 100% case, the equilibrium aggregate size monotonically increases with increasing Bjerrum length. As the average aggregate size increases, the aggregate polydispersity shows a nonmonotonic dependence on B ͑Fig. 3͒. In the interval B / = 1.80-1.95 the polydispersity of the bundles monotonically increases. Several finite-size bundles are observed, where the PE rods continuously merge with or split up from these bundles, displaying a dynamic equilibrium ͑see Fig. 5 for the probability distribution of PEs of different size bundles and Fig. 1 for snapshots from the sys-tem͒. Beyond B / Ͼ 1.95 the bundle polydispersity starts decreasing since the bigger aggregates start growing further at the expense of the smaller ones. Eventually, the system is dominated by a few aggregates with sizes larger than 20 and considering that there are only 61 rods in total, the simulation results become unreliable.
Compared to the 100% case, the most dramatic change is observed for the 80% case, where within the B range covered in this study, both the average aggregate size ͑Fig. 2͒ and aggregate polydispersity ͑Fig. 3͒ only slightly increase above 1. The aggregation of the rods is limited to two and to a small extent three molecule bundles. Since the system is neutral, at a sufficiently high B value all the rods should merge into a single bundle by attracting both monovalent and trivalent counterions. However, as seen in Figs. 2 and 3 the electrostatic attraction at the highest B value used in this study is still insufficient to form a single aggregate with all of the PEs. More interestingly, no phase separation is observed in the system. In other words, formation of a larger bundle via depletion of trivalent counterions from the remaining dispersed rods is not observed for the 80% case.
The potential of mean force ͑PMF͒ can be used to understand the nature of interactions among PE rods at different Bjerrum length values. In Fig. 4 the PMF becomes attractive at short distances, however, the presence of an energy barrier and a long-range repulsive tail in the PMF prevents the formation of large size aggregates for the 80% case, as discussed above.
For the 95% case replacement of just 5% of the trivalent counterions by monovalent ones leads to a dramatic reduction in the average aggregate size compared to the 100% case ͑Fig. 2͒. Up to B / = 1.90 the curves for the 95% and 100% cases remain almost identical. However, once the formation of large size bundles starts ͑beyond B / = 1.90͒ aggregation in 95% case lags behind. Unlike the 80% case, here the concentration of trivalent counterions is sufficient for the growth of large size bundles. Comparison of the distribution of PEs into different size aggregates ͑Fig. 5͒ reveals an interesting difference between 100% and 95% cases: in the 95% case the formation of large bundles leads to an extinction of medium-sized aggregates, while single rods and two to three molecule bundles still exist in the system at B / = 2.00. As will be discussed below, this is associated with the insufficient number of trivalent counterions in the system. The number of trivalent counterions is not large enough to maintain the medium and large size bundles simultaneously. This suggests the formation of a two phase system: one phase consists of large size ͑however still finite͒ bundles, which attracts a higher fraction of trivalent counterions per PE rod. The second phase consists of single rods or two to three molecule bundles, where the trivalent counterion concentration per PE rod is less than the first phase, which will be discussed further when we compare the effective line-charge density of different size bundles.
Comparison of the PMF curves for the 100% and 95% cases shows that at low B even though the energy barrier is still present, its value is highly reduced compared to the 80% case. With increasing B the energy barrier disappears, which coincides with the sharp increase in average aggregate size for 95% and 100% cases. Above B / Ն 1.90 the repulsive tail of the PMF curve continues to expand, such that beyond B / Ն 2.00 the PMF curves do not drop to zero at half the box size. This stems from the fact that the radial distribution function used to obtain the PMF curve fails to reach the bulk density ͑results not shown͒, which is a direct consequence of the finite size of the system ͑only 61 rods͒.
For all three concentrations considered up to here, the size and distribution of the finite-size bundles are directly associated with the insufficient number of trivalent counterions. On the contrary, for the 200% case the system has an abundance of trivalent counterions, as seen in Fig. 2 . In this case the onset of aggregation and the growth of the finite-size bundles take place at lower Bjerrum length values compared to other concentrations. In general, the higher the the trivalent salt concentration is, the earlier the onset of aggregation sets in. Furthermore, the overall bundle size at fixed Bjerrum length is always the highest in the 200% case when compared with other salt concentrations. Looking at the polydispersity index in Fig. 3 we also note a sharper increase of the polydispersity index with increasing Bjerrum length compared to the other three cases. Note that for the 200% case no energy barriers are seen in the PMF curves ͑Fig. 4͒. This phenomenon is directly related with the net charge of the aggregates, which will be discussed further below.
As seen in Fig. 5 , at B / = 1.75 for all salt concentrations the majority of the aggregates are dispersed single rods. Even at such a low B there seems to be more bundle nucleation sites for the 200% trivalent counterion case, so that already a finite fraction of the PEs are in two and three molecule bundles. Upon increasing the Bjerrum length we first FIG. 4 . ͑Color online͒ The potential of mean force for the 80% ͑top left͒, 95% ͑top right͒, 100% ͑bottom left͒, and 200% ͑bottom right͒ cases obtained by inverting the radial distribution function of the center of mass of the PE chains. see that bigger bundles appear for the 200% salt case at around B / = 1.80. In a very narrow window of Bjerrum lengths up to 1.85 we can see distributions of aggregates, which seem to indicate that the single rods are in equilibrium with a phase that contains finite-size aggregates. At higher Bjerrum lengths for the 200% case, the situation is not so clear since the distribution of aggregates becomes flat, and larger bundles appear.
For a better understanding of the formation of bundles, we also calculated the effective line-charge density ͑f e ͒ of the PE rods ͑Fig. 6͒. For a PE rod in a bundle, f e is obtained by dividing the net charge of the bundle, after taking into ac- count the condensed trivalent counterions, by the length of PEs and the total number of PEs in the bundle. Any trivalent counterion within 3 distance of a PE bead is considered to be condensed. For entropic reasons monovalent counterions do not make a significant contribution to the effective line charge and therefore they are excluded from the calculation ͑results not shown͒.
In Fig. 6 the solid lines, labeled as "average," represent the average effective line-charge density for the whole system, regardless of the aggregation state of the PE rods. For all four cases the average f e decreases with increasing Bjerrum length. For the 80% case f e saturates at f e = 0.20. This is the lowest f e value that the system can attain since no more free trivalent counterions are left in solution. As seen in the aggregation results the 80% case is dominated by the inadequate supply of trivalent counterions. For the 95% case the f e = 0.05 limit is also reached at the highest Bjerrum length considered here, but for the 100% case the lowest limit ͑f e = 0.0͒ is still not reached and there have to be free trivalent counterions in solution even at B / = 2.19.
For the 95% and 100% cases the average effective linecharge density initially decreases linearly, with a slope of m Ϸ −0.30. Around B / = 1.90 the slope of the f e curve increases further to a value of m Ϸ −0.45 and decreases once again beyond B / = 1.95. The change in slope takes place roughly where we first observe formation of bundles in 95% and 100% cases as seen in Fig. 2 . In other words aggregation of bundles enhances condensation rate of trivalent counterions within a narrow window prior to the system reaching the saturation limit. For the 200% case this enhanced condensation window is much narrower. As we have seen in Figs. 2 and 3, the aggregation takes place much more rapidly for this case. Hence, one cannot observe the increase in slope as clearly as the 95% and 100% cases.
Comparison of these bulk simulation results with simulations of a single PE rod and counterions isolated in a cell, where many-body interactions are prohibited, also supports the idea that the change in slope is due to the aggregation enhanced condensation. The results from cell simulations for 100% and 200% cases, shown with open circles in Fig. 6 , display a constant slope for the whole B region investigated. The slope matches the bulk behavior prior to aggregation ͑m Ϸ −0.30͒ even at high B . Since there is only a single rod in the cell, aggregation is prohibited and therefore a change in slope of f e is also not observed. Cell simulation results for 80% case once again behave differently due to the inadequate supply of trivalent counterions.
The difference between the cell and bulk simulation results is associated with how PE rods reduce their electrostatic energy. PE rods have two different mechanisms for lowering their electrostatic energy as the strength of the electrostatic interactions increases with increasing B . The first mechanism is via counterion condensation, which is the only mechanism available in cell simulations. This mechanism is also dominant at low B values in bulk simulations. The second mechanism for lowering the electrostatic energy, which can be seen only in a bulk simulation of PE rods, is via the merger of PE rods ͑or smaller bundles͒ into larger bundles. This second mechanism becomes dominant at high B values. In the bulk system the interplay and competition of these two different mechanisms lead to the observed nonmonotonic behavior for f e . In order to understand the interplay of these two different mechanism one can look at the effective line-charge density, f e , for bundles of different sizes in bulk simulation. In Fig. 6 f e for aggregates of sizes N = 1, 2, 5, 10, and 20 are shown. For any given size N, data points exist only if such a bundle is observed at the given Bjerrum length. For example, for the 95% case the data points for N = 5 are seen only above B / = 1.70 because below this value aggregates of size N = 5 are not observed. For the 80% case, since no aggregates larger than N = 4 molecules exist, data are shown for N =1, 2, 3, and 4. The f e values shown in the plot are averaged over all observations of a given aggregate size at a B value. The error in f e increases if that aggregate size is seen very rarely at that B value. For example, the highly scattered distribution of f e values for N = 3 and 4 molecule bundles in 80% case is due to the low probability for such bundles to occur. For concentrations of 80%, 95%, and 100%, single rods and to some extent other small size bundles initially display a linearly decreasing f e with increasing B . However, beyond a certain threshold value, the rate of reduction in f e starts to slow down. One can even observe an increase in f e with increasing B , as seen for N = 1 and 2 for 80% and 95% cases. This unexpected rise and/or convergence in f e with increasing electrostatic strength signals the onset of the second mechanism ͑merger of PE rods͒ for lowering the electrostatic energy. As the reduction in f e for single rods and small bundles slows down, one observes the emergence of moderate size bundles with lower f e in the solution. Gradually, with increasing B , f e for these moderate size bundles also saturates and one observes the formation of even larger size aggregates in solution.
At any given B the larger the bundle size is the lower the f e is. The large bundles attain low f e with two possible pathways. First, after the formation of the bundle the large electric field of the bundle attracts more counterions compared to smaller bundles. Second, the larger bundles form with the merger of smaller size ones, which have already reduced their f e below the average for their own bundle size. The elimination of these low f e bundles from the distribution leads to an increase in the average f e for small size bundles; hence we observe a rise in f e .
For the 200% case the abundance of free trivalent counterions in solution dramatically changes this behavior. At such a high concentration of trivalent counterions difference in f e for different size bundles diminishes. In fact, at B / Ϸ 1.95 bundles of all sizes become almost neutral. Upon further increase in B one observes charge reversal for single rods, which have a higher surface area per rod. For the larger bundles f e fluctuates around zero beyond the isoelectric point.
IV. SUMMARY AND CONCLUSIONS
In this study, we systematically expanded our earlier work on aggregation of semiflexible polyelectrolytes to different salt concentrations. By changing the trivalent salt concentrations to 80% and 95% of the total charge of PE rods we have analyzed how the system behaves under a deficiency of the binding trivalent counterions. The 200% case mimics a solution with an abundance of trivalent counterions.
Our analysis reveals that the aggregate size and size distribution are determined by the trivalent counterion concentration. The higher the trivalent counterion concentration is, the lower the Bjerrum length value for the onset of aggregation. Similar to the 100% case, for 95% and 200% cases the onset of aggregation leads to a sharp increase in both aggregate size and size distribution. However, in all cases the finite-size aggregates remain thermodynamically stable in a narrow window of Bjerrum length values.
For a solution of PE rods and counterions in the absence of an explicit attractive hydrophobic interaction both the attractive and repulsive forces originate from electrostatic interactions. The concentration of trivalent counterions, which act as the glue for PE rods, strictly determines the solution properties.
The effective line-charge density of different size aggregates reveals the role of many-body interactions. Within the cell model, where the system consists of a single PE rod and counterions, one observes a linear monotonic reduction in the effective charge of the PE rod due to counterion condensation. In a solution in addition to counterion condensation, the PE rods can also merge to further lower their electrostatic self-energy. The formation of aggregates increases the rate of condensation for trivalent counterions with increasing Bjerrum length. However, reduction of the self-energy of larger PE bundles comes at the cost of an increase of the electrostatic self-energy of smaller ones in solution.
On the other hand, when the system has an abundance of trivalent counterions, aggregates of all sizes can reduce their electrostatic energy simultaneously. The system also displays an isoelectric point where all aggregates become neutral. Interestingly, beyond the isoelectric point, the remaining single rods in solution display overcharging by condensing more counterions than necessary to compensate their charge. However, the larger size bundles maintain a neutral structure.
